In this paper, we theoretically described the influence of the ponderomotive and the Stark shift on the highorder harmonic generation's transition rate for the cases of noble and alkali atoms in nonrelativistic, linearly polarized laser field. To describe harmonic generation, we used the analytical formula by Frolov et al. which is derived for a weakly bound electron in the tunneling limit and modified it in way to include mentioned effects. We showed that the inclusion of these effects affects the high-order harmonic generation's rate and that for the same conditions, the intensity of the alkali harmonics were considerably weaker compared to the intensity of noble harmonics. Also, the Stark shift for the alkali atoms induces not only decrease of the peak heights i.e. decrease of the ionization yield, but also the peak broadening. At the end, we analyzed the influence of the beam shape on the behavior of obtained theoretical curves. We considered two types of laser field shape, Gaussian and Lorentzian. It is shown that the high-order harmonic generation's rate depends on the spatial distribution of laser beam profiles.
Introduction
It is known that in the past, extensive studies have advanced our comprehension of the interaction of intense lasers with matter [1] [2] [3] . In order to provide a basis for understanding the physical picture of this kind of interaction, a wide range of experiments were performed [1, 2] . After extensive studies, it was shown that the laser-matter interaction in the high field regime is characterized by strongly non-linear effects. This kind of process led to discovery of high-order harmonic generation (HHG) [2, 4] and high-energy above-threshold ionization (HATI) [3] . Concretely, HHG spectroscopy has proved to be very promising for revealing various types of structural information about atoms and simple linear molecules [5] [6] [7] and it is the most convenient source of attosecond (1 as = 10 −18 s) pulses [8] . Because of that, HHG has been studied both experimentally and theoretically [9] [10] [11] [12] .
Many features of HHG spectra can be explained by the semiclassical three-step model. In the first step the electron is released into continuum by tunnel ionization through the barrier formed by the Coulomb potential and the laser field. Its subsequent motion can be treated classically [13] . Tunnel ionization occurs when the Keldysh parameter [14] , defined as a ratio of two energies, γ = I p /2U p , is less than or much less than unity, γ 1, where I p is unpertubed ionization potential and U p is the ponderomotive potential which represents the average kinetic energy of a free electron in a laser field, defined as
where ε is ellipticity, F is the field strength and ω is the laser field frequency [15] . For a linearly polarized laser field, E (t) = E 0 cos (ωt), ellipticity is ε = 0, and U p becames
To simplify the notation, the atomic units are used, e = m = = 4πε 0 = 1 throughout this paper [16] . After tunneling, an electron is accelerated by the oscillating laser field and later driven back to the target ion (second step) and third, it recombines with the ion to emit a high energy photon. The maximum photon energy produced by HHG, called the cutoff, is given by I p + 3.17U p [17] , i.e. the cutoff in the harmonic spectrum occurs at harmonics of order N max = (I p + 3.17U p ) /ω.
One of the semi-analytical quantum analyses of HHG process that confirm described three step model scenario is the formula developed by Frolov et al. [18] . In this paper we applied it on the atoms argon and potassium in order to analyze the influence of the strong field on the ionization potential and at the same time on harmonic rate.
Theoretical concept
As mentioned, in this paper we used and modified the simple analytic formula for harmonic rate, W (l) (E Ω ), derived by Frolov [18] , for the amplitudes and rates of harmonics generated by an electron bound in a short-range potential [19] :
where E Ω is the harmonic energy, A nl is defined as
, α = 1/137 is fine structure constant, C n * l * is the coefficient in the asymptotic form: [20] , n * is the effective principal quantum number: n * = Z/ 2I p , Z is the ion charge [13] , l is orbital angular momentum, κ = 2 |I p |,
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is the Airy function where
and
From Eq. (1) follows that the harmonic rate, W (l) (E Ω ), among other, strongly depends on the ionization potential, I p . On the other hand, when an atom is placed in a strong laser field the binding potential and the ionization process become increasingly influenced by the laser irradiation through the ponderomotive potential and the Stark shifts [21] [22] [23] . The ponderomotive potential is connected with the wiggle motion of charged particles in response to an applied laser field, while the Stark shift with the fact that atom's energy levels are altered in laser field [24] . It was experimentally observed that the energy levels are broadened and shifted due to laser-induced Stark effect [25] . This displacement of the energy level is determined by expression
, where α N is the static polarizability of the atom and α 1 of its ion [26] . These two effects in the weak fields do not change substantially the ionization potential and can be neglected. But, in the strong field, Delone and Krainov [27] concluded that the Stark shift deepens the potential well (larger binding energy) and makes the atoms harder to ionize. This strongly affects the behaviour and shape of the harmonics and, because of that, in order to obtain better results with theoretical model we considered these effects with additional terms.
The Stark and the ponderomotive shifted ionization potential, I eff p (F ), can be written as
where I st is the shift caused by the Stark shift, and U p is ponderomotive potential. The influence of the inner electrons on the outer electron dynamics is included through the polarizability of the ion.
In order to analyze how the HHG rate is affected by effective ionization potential, I eff p (F ), we replaced unperturbed ionization potential, I p (0) with the effective, I
ef f p (F ) in Eq. (1) and obtained the following expression:
i.e. in developed form with included both effects
In Eq. (4) the general beam shape is assumed. Next, we discussed a different beam shape. We started with the Gaussian shaped laser pulse which is the simplest and often the most desirable type of beam provided by a laser source which allows the highest concentration of light. Gaussian beams can be represented in the following form [28] :
where ρ is the axial coordinate that is normal to the light ray [32] ρ = R 1 + λη πR 2 , R is the radius of the laser beam and F is the amplitude of the laser field strength. This is a simplified formula based on the presumption
In order to examine how pulse shape affects the HHG rate, we substituted Eq. (5) in Eq. (3) and obtained
Although the Gaussian distribution is frequently assumed, there are a few other shapes, such as Lorentzian which can be represented as
Substituting Eq. (7) in Eq. (3), it can be check how this type of beam shape affects the HHG rate.
Discussion
We investigated the HHG rate induced by a linearly polarized laser field whose intensity varied between 10 13 W cm −2 and 10 16 W cm −2 , for single ionized, Z = 1, argon (Ar) and potassium atom (K). We considered the tunneling regime, γ = 0.5 < 1 and laser pulse with the wavelength λ = 800 nm. We assumed that the electron velocity is small compared to the speed of light.
We started from the HHG curves obtained by Eq. (3), for harmonic order 12 ≤ N ≤ 14. Figure 1 shows 3D graph for the argon atom rate (without (a) and with correction of ionization potential (b)), as well as the comparative review (2D graph) of both curves, (c).
We can see in Fig. 1a ,b that both curves have almost the same behavior, but the rate with included effects is smaller than for the rate with unperturbed potential. With inclusion of effects, we see that the yield falls below for all intensities, which can be seen in 2D graph, Fig. 1c . Our theoretical analysis shows that W (l) (E Ω ) is very sensitive on the Keldysh parameter, as well as the field intensity. The minimal change of those parameters strongly affects the harmonic rate. The shape of the harmonics is in accordance to [30] . Figure 2 shows 2D graph for HHG rate, W
eff (E Ω ), as a function of the harmonic order. For both curves it is characteristic that the inclusion of the ponderomotive and the Stark shift induces the decrease of peak order i.e. changes the cut off energy (harmonic order). It was experimentally observed that the laser-induced Stark effect results in the peak shift and, at the same time, peak broadening. This leads to the decrease of the peak heights and decrease of the ionization yield [25] . This is expectable because additional energy is necessary for ionization in order to overcome higher level of the ionization potential. Figure 2a shows that in the case of argon atom curves have almost the same shape and cut-off. The obtained cut-off for the harmonic order in Fig. 2a is in accordance with [31] for the same value of laser intensity. For potassium atom in Fig. 2b there is a significant deviation in harmonic cut-off. The shape of the harmonics and achieved cut-off for the harmonic order for potassium are in accordance to [32] . As well, for potassium atom harmonics are slightly narrower compared to these of argon atom. It can be seen from Fig. 2b that the influence of additional effects is larger for potassium atom [33] . In order to analyze in more detail the influence of observed effects on HHG rate, we included them sequentially (step by step) in Fig. 3 . As a result, we obtained the following graphs. 
eff (E Ω ), with increasing field in comparison with W (l) (E Ω ). The curve with both effects included is shifted vertically downward (orange line in 2D graph, Fig. 3a) . Also there is a slight shift of the harmonic toward the lower field intensity when the ponderomotive potential is included (green solid line). As the intensity of the laser field is increased from I = 9.7 × 10 13 W cm −2 there is the significant deviation of the HHG rate's curves.
From Fig. 3b black line, line with ponderomotive and the Stark shift, it can be seen the distinctive peak broadening as well [34] . The physical reason for this behavior of HHG rate for potassium atom is the Stark shift affecting the ground state. As Delone and Krainov predicted in [33] the influence of the Stark shift is larger in the case of alkali atoms and as a consequence the rate level for potassium atom is lower compared to argon atom. Figure 3 clearly shows that, i.e. significantly different behavior of potassium's curve. Now, it can be noted that the ground state shift caused by the ponderomotive and the Stark shift cannot be neglected in the analysis.
Next, we considered the influence of the spatial laser beam shape on the HHG rate. Lasers usually emit beams with a Gaussian profile, so we employ edit in our analysis. For the presentation of the HHG rates a spatial Gaussian and Lorentzian pulse shape were used with intensities ranging from about F = 10 14 −10 15 W cm −2 . In order to visualize this, we gave graphs for noble and alkali atoms, for the same conditions, Fig. 4 . Figure 4 shows an example of comparison between the generally assumed and specified laser beam shapes. It is obvious that there is a deviation between these two graphs, as well as between graphs for each atom particularly. For the argon atom the form of the spectrum changes dramatically with employed Gaussian beam profile.
The following graphs, Fig. 5 , show 2D comparative review of the general, Fig. 5a , and the Gaussian beam shape, Fig. 5b , for HHG rate, W (l)
eff (E Ω ), as a function of the harmonic order. eff (E Ω ) and peak order i.e. changes the cut off energy (harmonic order). Also, Fig. 5a clearly shows that the curve with the Gaussian beam shape is shifted vertically downward. From Fig. 5b it is obvious that the discrepancy between the curves becomes more clear for higher harmonic order.
In order to shed more light on this deviation, we repeated the same procedure with the Lorentzian laser beam shape. As a result we obtained similar behavior of the observed curves.
Conclusion
We have theoretically investigated HHG rate for single ionization argon and potassium atom as a function of field intensity. We restricted ourselves to the case of nonrelastivic case of linearly polarized laser pulses. In addition, we discussed the influence of the spatial beam profile on HHG rate. We compared the obtained results with experimental data and obtain a very good agreement between theory and experiment.
